Theoretical model is proposed for interfacial gravity waves containing strong bores (hydraulic jumps). The model is based on a locally conservative form of momentum equation for the twolayer shallow-water system bounded by a rigid lid. In contrast to previous shallow-water models, no external closure conditions are required. The front propagation velocities that follow from the Rankine-Hugoniot-type jump conditions agree well with experimental and numerical results in a wide range of bore strengths. This theory provides a unified framework for numerical modeling of strong internal bores and gravity currents.
Shallow-water approximation is commonly used in the geophysical fluid dynamics to model ocean currents and large-scale atmosphere circulation [1] . Because such flows are typically dominated by inertia and occur on a horizontal length scale which is much lager than their depth, they can be treated as effectively horizontal and vertically invariant. This simplifies the fluid flow problem from three to two spatial dimensions and thus essentially reduces the computational complexity of such flows. Shallow-water approximation can also be used to model long gravity waves on the liquid surfaces or interfaces in stably stratified fluid layers. The latter type of systems are not only routinely used as simplified models of internal waves in oceans [2] but are also encountered in the technological applications like aluminum reduction cells [3] and the recently developed liquid metal batteries [4] .
Shallow-water waves are generally known to become steeper with time and to develop vertical fronts analogous to the shock waves in the gas dynamics [5] . In the fluid dynamics, such shocks are called hydraulic jumps or bores [6] -both terms are used interchangeably here. Hydraulic jumps can also be created by the initial state of fluid, for example, when flow starts by breaking a dam or when a lock that separates two liquids with different densities is opened [7] .
Mathematically, shock waves correspond to discontinuities in the wave amplitude. It is commonly assumed that although the partial differential equations (PDEs) which govern the wave propagation cease to apply at the discontinuities, the relevant physics, which is represented by the conservation laws behind these equations, may still hold [8] . Thus the propagation of shock waves is governed not by the original PDEs but by equivalent integral relationships which are known as the Rankine-Hugoniot conditions in the gas dynamics. For single-layer shallow water flows, there is an infinite number of such local conservation laws [9, 10] , whereas only six linearly independent laws seem to exist for the two-layer system with a free surface [11] [12] [13] . For the two-layer system bounded by a rigid lid, which is focus of this paper, it has been suggested by Ovsyannikov [11] that an infinite number of conservation laws might exist. However, only the two most elementary laws expressing the conservation of mass and vorticity (irrotationality) are generally known. No local conservation law for momentum appears to be known in this case. On the other hand, the conservation of momentum is of primary importance as it is known to govern the dynamics of hydraulic jumps in single shallow-water layers, which is the limiting case of the two-layer system when the top layer density or the bottom layer depth becomes small [6] .
The apparent absence of local momentum conservation law has led to a common belief that the two-layer shallow water equations are inherently non-conservative [14] and unable to describe internal hydraulic jumps without additional closure relations. The latter are usually deduced by dimensional arguments [15] or derived using various semi-empirical ad hoc models [16] . For gravity currents, which are created by a layer of heavier liquid that is driven by its weight along the bottom into a lighter ambient fluid, such a front condition relating the velocity of propagation with the layer depth is the central result of the celebrated Benjamin's theory [17] . This hydraulic-type condition and its various empirical extensions [18, 19] are commonly regarded indispensable for theoretical description and numerical modeling of gravity currents using shallow-water equations [20, 21] .
A number of analogous semi-empirical front conditions have been proposed also for internal bores [22] [23] [24] [25] . Despite the long history of this problem, there is still no comprehensive theoretical description of internal bores. New models and related front conditions continue to emerge [26] [27] [28] due to the importance such bores play in various geophysical flows ranging from coastal oceans [29] to inversion layers in the atmosphere [30] .
In this paper, we propose a principally new theoretical framework for analysis and numerical modeling of interfacial waves with hydraulic jumps, which in contrast to previous models is completely self-contained and does not require external closure conditions. The theory is based on a locally conservative form of momentum equation for the two-layer shallow-water system bounded by a rigid lid.
Consider a horizontal channel of constant height H bounded by two parallel solid walls and filled with two inviscid immiscible fluids with the densities ρ + and ρ − as shown in Fig. 1 . The fluids are subject to a downward gravity force with the free fall acceleration g. The interface separating the fluids at the horizontal position x and time instant t is located at the height z = h(x, t), which is equal to the depth of the bottom (heavier) liquid h + . As discussed above, in the first-order shallow-water approximation, the fluid flow is predominantly horizontal and has a negligible effect on the vertical pressure distribution which is thus purely hydrostatic:
. The plus and Figure 1 . Sketch of a two-layer system with internal hydraulic jump.
minus indices refer to the bottom and top layers, respectively, and 
The subscripts t and x stand for partial derivatives and the plus and minus signs refer to the bottom and top layers; the plus and minus indices at ρ, u, and h have been dropped for the sake of brevity. The dispersive terms, which result from higher-order non-hydrostatic pressure corrections [31] and are essential for the formation of solitary waves [32] , are neglected in Eq. (1). Although the neglected terms can in principle prevent the development of hydraulic jumps, they also limit the applicability of model to sufficiently smooth initial states and require additional numerical regularization to suppress the short-wave Kelvin-Helmholtz instability [7, 33] .
The system of four shallow-water Eqs. (1,2) contains five unknowns, u ± , h ± and Π , and is closed by adding the fixed height constraint {h} ≡ h + + h − = H, which can be used to eliminate the top layer depth as h − = H − h + . Henceforth, the curly brackets denote the sum of the enclosed quantities. Two more unknowns can be eliminated as follows. First, adding the mass conservation equations for both layers together and using {h} t ≡ 0, we obtain {uh} = Φ(t), which is the total flow rate. Here we assume the channel to be laterally closed, which means Φ ≡ 0 and thus
Second, the pressure gradient Π x can be eliminated by subtracting Eq. (1) for the top layer from that for the bottom layer. This leaves only two unknowns, U ≡ u + h + and h = h + , and two equations, which can be written in a locally conservative form as
The square brackets above denote the difference of the enclosed quantities between the bottom and top layers:
In this form, both equations can in principle be integrated across hydraulic jump to obtain the corresponding jump conditions. However, this not the only possible set of locally conservative equations for the two-layer system. The applicability of Eqs. (3, 4) to strong bores depends on the conservation of the respective quantities not only in simple one-dimensional flows described by these equations but also in more complex three-dimensional turbulent flows which usually occur in strong bores. There is no doubt about the conservation of mass in Eq. (4). However, this is not the case with {ρ/h} U which is the locally conserved quantity in Eq. (3). It is important to note that this quantity, which can be represented as [ρu] = H ∂ z (ρu) dz, is closely related with the vorticity ω = ∂ z u. Although vorticity is conserved in two-dimensional flows, which only advect vortices, it is not the case for three-dimensional flows, which can modify the vorticity balance by stretching and twisting of vortices [34] . Therefore, the jump condition resulting from Eq. (3) may not be applicable to strong hydraulic jumps in two-layer systems as the analogous condition is not applicable in the limiting case of single layer.
The quantity which is conserved across hydraulic jumps in single shallow-water layers and thus also likely to be conserved in two-layer systems is the momentum. Momentum conservation law can be obtained by first multiplying Eq. (1) for each layer with h ± and then adding the equations together. Using Eq. (4) and the fixed height condition, we have
The momentum conservation law in this form is not local as it contains not only the dynamical variables U and h but also the interfacial pressure Π . Eq. ± α, where α is an arbitrary constant. This defines Π x as the average of Eqs.
(1) plus the difference of Eqs. (1) multiplied by α. Owing to Eq. (3), the latter term is zero, and thus we have
Substituting this into Eq. (5) yields
which is the sought locally conservative the momentum equation. Local energy conservation law is obtained by multiplying Eq. (1) with U and then subtracting one equation from the other to eliminate the pressure gradient, which yields
Eqs. (4, 7, 8) can straightforwardly be integrated across hydraulic jump to obtain jump conditions analogous to the Rankine-Hugoniot relations and the Lax entropy constraint in the gas dynamics. This will be done in the following for the practically important case of relatively small density differences between the two fluids.
If the density difference is small, then according to Boussinesq approximation it has a negligible effect on the inertia of fluids but not on the gravity waves which exist owing to this difference. When the deviation of density form its average is neglected in the inertial terms, Eq. (7) reduces to
The problem is simplified further by using the total height H and the characteristic gravity wave speed C = 2Hg[ρ]/{ρ} as the length and velocity scales, and H/C as the time scale.
Then Eqs. (9, 8) can be written in the following dimensionless form
where η = [h] and ϑ = [u] are the dimensionless depth and velocity differentials between the top and bottom layers. Subsequently, the former is referred to as the interface height and the latter as the shear velocity. In the new variables and Boussinesq approximation, Eqs.
(3,4) take a remarkably symmetric form
Note that owing to the equivalence of various local conservation laws for continuous solutions, Eqs. (10, 11) can be derived directly from Eqs. (12, 13) , and an infinite sequence of conservation laws can be constructed starting from the basic quasi-linear form of equations as for single layer [8, 9] . Eqs. (12, 13) can also be written in the canonical form R t − cR x = 0 using the Riemann invariants R ± = −ηϑ ± ((1 − η 2 )(1 − ϑ 2 )) 1/2 and the associated characteristic velocities c ± = 3 4
R ∓ [7, 11, 16, 35, 36] . Since the interface is confined between the top and bottom boundaries (η 2 ≤ 1), the characteristic velocities are real and thus the equations are of hyperbolic type, if ϑ 2 ≤ 1. The latter constraint on the shear velocity is required for the stability of interface which would be otherwise disrupted by the long-wave Kelvin-Helmholtz instability [37] .
Let us consider now a jump in η and ϑ at the point x = ξ(t) across which the respective variables differ by η ≡ η + − η − and ϑ ≡ ϑ + − ϑ − . Here the plus and minus subscripts denote the respective quantities in the front and back of the jump; the double-square brackets stand for the differential of the enclosed quantity across the jump. Integrating Eqs. (10) and (13) across the jump, which is equivalent to substituting spatial derivative f x with f and time derivative f t with −ξ f [8] , the jump propagation velocity can be expressed aṡ
As for single layer, jump conditions consist of two equations and contain five unknowns, η ± , ϑ ± andξ. It means that two unknown parameters can be determined when the other three are known. The non-linearity of jump conditions implies a possibility of multiple solutions, some of which may be unphysical. Additional constraint on the feasible hydraulic jumps follows from Eq. (11) and the associated energy variation:
cannot be positive as the mechanical energy can only be dissipated but not generated in hydraulic jumps.
Next, let us apply the general jump conditions derived above to a bore with the interface height η − = η which propagates with an unknown shear velocity ϑ − = ϑ into a still fluid ahead (ϑ + = 0) with the interface located at the height η + = η 0 as shown in Fig. 1 . After a few rearrangements, we obtaiṅ
The admissible front (η 0 ) and back (η) heights of the bore are subject to the energy dissipation (ε ≤ 0) and hyperbolicity (ϑ 2 ≤ 1) constraints which are shown in Fig. 2 for ϑ ≥ 0. As seen, the region where both constraints are satisfied includes the whole third quadrant, the upper right diagonal half of the fourth quadrant, as well as a segment along the vertical axis in the second quadrant. The last two quadrants correspond to bores which raise or fall across the mid-plane (η = 0), whereas the third quadrant corresponds to bores confined to the lower half of channel.
Gravity currents, which propagate along bottom η 0 = −1, belong to the third quadrant.
The front velocity (14) , when written in terms of the traditional front height h = (1 +
− h 2 1/2 . As seen in Fig. 3 , the SW front velocity is generally slightly lower than that resulting from the well-known Benjamin's formulaξ = [17] . On the other hand, the recent vortex sheet model of Borden and Meiburg [27] yields a slightly higher front velocityξ = (1 − h) √ 2h. All three models yield the same velocity for thin layers (h → 0) :ξ/ √ h → √ 2, where they reproduce the classical result due to von Kármán [19] , as well as for the gravity currents that span the lower half of channel (h = 1/2) :ξ/ √ h = 1/ √ 2.
Let us turn now to internal bores and compare the propagation velocities following from our shallow-water theory with the predictions of some previous models as well as with the available experimental and numerical results. We limit our comparison to the semi-empirical model of Klemp, Rotunno and Skamarock (KRS) [25] and the vortex sheet model of Borden and Meiburg (BM ) [27] . For better agreement with experimental results, it is assumed in Meiburg [27] .
the KRS model that energy is dissipated only in the top layer, which shrinks as the bore advances. On the other hand, the BM is the most recent model which has been derived specifically for bores in Boussinesq fluids using a vorticity equation. However, as noted above, vorticity may not be conserved by turbulent bores. It is remarkable that the BM model yields the same front speed as the shallow-water vorticity conservation law (12):
With regard to this somewhat surprising equivalence it has to be noted that the interfacial pressure jump over the height of bore, which follows from by Eq.
(6), is not purely hydrostatic in the shallow-water approximation as it is often thought.
The aforementioned models are compared in Fig. 4 with the experimental results of Wood and Simpson [24] , Rottman and Simpson [38] and Baines [23] as well as with the twodimensional numerical results of Borden et al. [26] . Note that the density ratio s = ρ − /ρ + = 0.79 in [23] is somewhat lower than s = 1 for ideal Boussinesq fluid. Nevertheless, no significant deviation of experimental results from the Boussinesq approximation is noticeable.
For consistency with previous publications, all front velocities are rescaled with √ h 0 , which is the dimensionless velocity of small-amplitude long interfacial waves when the depth of the bottom layer ahead of the bore is small: h 0 ≪ 1. The front velocities normalized in this way are plotted in Fig. 4 against the bore strength h/h 0 , where h is the interface height of the bore. With this normalization, we haveξ/ √ h 0 → 1 when the layer ahead is thin (h 0 → 0) and the bore is weak (h/h 0 → 1). All three models can be seen to converge to this basic linear limit. Although the predicted front velocities start to diverge at larger bore strengths, the divergence remains relatively small in comparison to the scatter in the experimental data.
Similarly to the gravity current velocity in Fig. 3 , all three front velocities converge again when the interface height approaches the mid-plane h = 0.5. The only substantial difference between the models is that the SW front velocity approaches this limit monotonously whereas the KRS and BM front velocities first pass through maxima points. Numerical results for h 0 = 0.2 can be seen to reproduce the monotonous variation predicted by the SW model, though with sightly lower propagation velocities. This difference, which is usually attributed to the turbulent mixing between the layers, may also be due to the viscous loss of momentum at the rigid top and bottom boundaries. Viscous effects are assumed to be negligible in the SW model but could be significant at the relatively small Reynolds number Re = 3500 used in the numerical simulation.
In summary, the proposed SW model demonstrates a good agreement with the existing experimental and numerical results including slightly non-Boussinesq fluids. The propagation velocities resulting from the local momentum conservation law are generally closer to numerical results than the those predicted by the previous models. The model has been ver-
